Properties of Ultra Gamma Function by Gehlot, Kuldeep Singh
ar
X
iv
:1
70
4.
08
18
9v
2 
 [m
ath
.C
A]
  8
 M
ar 
20
18
Properties of Ultra Gamma Function
Kuldeep Singh Gehlot
September 12, 2018
Government College Jodhpur,
JNV University Jodhpur, Rajasthan, India-306401.
Email: drksgehlot@rediffmail.com
Abstract
In this paper we study the integral of type
δ,aΓρ,b(x) = Γ(δ, a; ρ, b)(x) =
∫
∞
0
tx−1e−
tδ
a
−
t−ρ
b dt.
Different authors called this integral by different names like ultra gamma function, generalized
gamma function, Kratzel integral, inverse Gaussian integral, reaction-rate probability integral,
Bessel integral etc. We prove several identities and recurrence relation of above said integral,
we called this integral as Four Parameter Gamma Function. Also we evaluate relation between
Four Parameter Gamma Function, p-k Gamma Function and Classical Gamma Function. With
some conditions we can evaluate Four Parameter Gamma Function in term of Hypergeometric
function.
Mathematics Subject Classification : 33B15.
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1 Introduction
The main aim of this paper is to introduce Four Parameter Gamma Function in the form,
δ,aΓρ,b(x) = Γ(δ, a; ρ, b)(x) =
∫
∞
0
tx−1e−
tδ
a
−
t−ρ
b dt. (1.1)
where x ∈ C/δZ−; δ, ρ, a, b ∈ R+ − {0} and Re(x− ρn) > 0, n ∈ N.
Four Parameter Gamma Function is the deformation of the two parameter Gamma Function
defined by [4], such that δ,aΓρ,b(x)⇒ k,pΓ0,b(x) = e
−
1
b pΓk(x), as δ = k, a = p, ρ = 0.
And this Four Parameter Gamma Function is the deformation of the k-Gamma Function defined
by [1], such that δ,aΓρ,b(x)⇒ k,kΓ0,b(x) = e
−
1
b Γk(x), as δ = a = k, ρ = 0.
Also the Four Parameter Gamma Function is the deformation of the classical Gamma Function,
such that δ,aΓρ,b(x)⇒ 1,1Γ0,b(x) = e
−
1
b Γ(x), as δ = a = 1, ρ = 0.
Throughout this paper Let C,R+, Re(), Z− and N be the sets of complex numbers, positive real
numbers, real part of complex number, negative integer and natural numbers respectively. We
use the notation and terminology of [2] and [3].
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The p - k Gamma Function (i.e. Two Parameter Gamma Function), pΓk(x) is given by [4], For
x ∈ C/kZ−; k, p ∈ R+ − {0} and Re(x) > 0, n ∈ N, is
pΓk(x) =
1
k
lim
n→∞
n!pn+1(np)
x
k
p(x)n+1,k
. (1.2)
or
pΓk(x) =
1
k
lim
n→∞
n!pn+1(np)
x
k
−1
p(x)n,k
. (1.3)
And the integral representation of p - k Gamma Function is given by
pΓk(x) =
∫
∞
0
e−
tk
p tx−1dt. (1.4)
2 Recurrence formulas and infinite products of Four Parameter
Gamma Function, δ,aΓρ,b(x) or Γ(δ, a; ρ, b)(x).
Theorem 2.1 The relation between Four Parameter Gamma Function, p - k Gamma Function
and Classical Gamma Function is given by
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
aΓδ(x− ρn), (2.1)
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
1
δ
lim
m→∞
m!am+1(ma)
x−ρn
δ
−1
a(x− ρn)m,δ
, (2.2)
And
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
a(
x−ρn
δ
)
δ
Γ(
x− ρn
δ
). (2.3)
where x ∈ C/δZ−; δ, ρ, a, b ∈ R+ − {0} and Re(x− ρn) > 0, n ∈ N.
Proof: Using the definition (1.1), we have
Γ(δ, a; ρ, b)(x) =
∫
∞
0
tx−1e−
tδ
a
−
t−ρ
b dt,
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
∫
∞
0
tx−ρn−1e−
tδ
a dt,
using [4], equation (2.14), we have
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
aΓδ(x− ρn),
And by using [4], theorem (2.9), we have
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
a(
x−ρn
δ
)
δ
Γ(
x− ρn
δ
).
By using equation (1.3) in (2.1), we get the result (2.2).
This completes the proof.
Theorem 2.2 Given x ∈ C/δZ−; δ, ρ, k, p, a, b ∈ R+−{0} and Re(x− ρn) > 0, n ∈ N, then the
following recurrence relations exists,
Γ(δ, a; ρ, b)(x) =
k
δ
Γ(k, a;
kρ
δ
, b)(
kx
δ
), (2.4)
2
Γ(δ, a; ρ, b)(x) =
k
δ
(
a
p
)
x
δ Γ(k, p;
kρ
δ
, b(
a
p
)
ρ
δ )(
kx
δ
), (2.5)
Γ(δ, a; ρ, b)(x) = (
a
p
)
x
δ Γ(δ, p; ρ, b(
a
p
)
ρ
δ )(x), (2.6)
Proof: From equation (2.1), we have
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
aΓδ(x− ρn),
using result (2.11) of [4],we have
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
k
δ
aΓk(
k(x− ρn)
δ
),
using equation (2.14) of [4], we have
Γ(δ, a; ρ, b)(x) =
k
δ
∫
∞
0
t
kx
δ
−1e−
tk
a
−
t
−
kρ
δ
b dt,
Γ(δ, a; ρ, b)(x) =
k
δ
Γ(k, a;
kρ
δ
, b)(
kx
δ
).
Which completes the proof of (2.4).
Similarly we can prove the result (2.5) and (2.6).
Theorem 2.3 Given x ∈ C/δZ−; δ, ρ, a, b ∈ R+ − {0} and Re(x − ρn) > 0, n ∈ N, then
we can represent the Four Parameter Gamma Function in the form of series,
Γ(δ, a; ρ, b)(x) =
1
δ
(a)
x
δ
∞∑
n=0
(−1)n
n!
(
a−
ρ
δ
b
)n
∞∏
m=1
{(1−
1
m
)(
x−nρ
δ
)(1 +
x− nρ
mδ
)−1} (2.7)
Proof: From equation (2.1) we have,
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
aΓδ(x− ρn),
using equation (2.15) of [4], we have
Γ(δ, a; ρ, b)(x) =
1
δ
(a)
x
δ
∞∑
n=0
(−1)n
n!
(
a−
ρ
δ
b
)n
∞∏
m=1
{(1−
1
m
)(
x−nρ
δ
)(1 +
x− nρ
mδ
)−1}.
Which completes the proof.
Theorem 2.4 Given x ∈ C/δZ−; δ, ρ, a, b ∈ R+ − {0} and Re(x − ρn) > 0, n ∈ N, then
the fundamental equation satisfied by Four Parameter Gamma Function is,
x Γ(δ, a; ρ, b)(x) =
δ
a
Γ(δ, a; ρ, b)(x + δ) −
ρ
b
Γ(δ, a; ρ, b)(x − ρ) (2.8)
Proof: From equation (2.1), we have
Γ(δ, a; ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
aΓδ(x− ρn),
replace x by x+ δ we have,
Γ(δ, a; ρ, b)(x + δ) =
∞∑
n=0
(−1)n
n!bn
aΓδ(x− ρn+ δ),
3
using [4], equation (2.23), we have
Γ(δ, a; ρ, b)(x + δ) =
∞∑
n=0
(−1)n
n!bn
(x− ρn)a
δ
aΓδ(x− ρn),
Γ(δ, a; ρ, b)(x + δ) =
xa
δ
Γ(δ, a; ρ, b)(x) −
∞∑
n=1
(−1)naρ
(n− 1)!bnδ
aΓδ(x− ρn),
n can be replace by n+ 1, we have
Γ(δ, a; ρ, b)(x + δ) =
xa
δ
Γ(δ, a; ρ, b)(x) +
aρ
bδ
∞∑
n=0
(−1)n
(n)!bn
aΓδ(x− ρn− ρ),
using equation (2.1),
Γ(δ, a; ρ, b)(x + δ) =
xa
δ
Γ(δ, a; ρ, b)(x) +
aρ
bδ
Γ(δ, a; ρ, b)(x − ρ).
Which completes the proof.
3 Hypergeometric Function representation of Four Parameter
Gamma Function, δ,aΓρ,b(x) or Γ(δ, a; ρ, b)(x).
Theorem 3.1 Given x ∈ C/δZ−; δ, ρ, a, b ∈ R+ − {0}, Re(x − ρn) > 0, n ∈ N and
ρ
δ
∈ N, then
we have,
Γ(δ, a;−ρ, b)(x) =
a
x
δ Γ(x
δ
)
δ
ρ
δ
F0[(
x− rδ − δ
ρ
)r=1,2,..., ρ
δ
;−;−
1
b
(
aρ
δ
)
ρ
δ ]. (3.1)
Proof: Consider the equation (2.3),
Γ(δ, a;−ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
a(
x+ρn
δ
)
δ
Γ(
x+ ρn
δ
),
Γ(δ, a;−ρ, b)(x) =
∞∑
n=0
(−1)n
n!bn
a(
x+ρn
δ
)
δ
Γ(x+ρn
δ
)Γ(x
δ
)
Γ(x
δ
)
,
Γ(δ, a;−ρ, b)(x) = Γ(
x
δ
)
∞∑
n=0
(−1)n
n!bn
a(
x+ρn
δ
)
δ
(
x
δ
) ρ
δ
n,
we know the generalized pochammer symbol is given,
(α)rn = r
rn
r∏
n=1
(
α+ n− 1
r
)n,
then we have,
Γ(δ, a;−ρ, b)(x) = Γ(
x
δ
)
a
x
δ
δ
∞∑
n=0
1
n!
[−
1
b
(
aρ
δ
)
ρ
δ ]n
ρ
δ∏
r=1
(
x− rδ − δ
ρ
)n,
this will give the desired result.
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